Washington Latin

AP Calculus

Product Rule

We want the derivative of the product of two functions, each of which we already know
how to differentiate. We use the limit of the difference quotient, which is the fundamental
definition of the derivative:

y = f(x)-gx)
, . S+ h)g(x+h)— f(x)g(x)
y' = lim
h-0 h

subtract and add f(x) -g(x + h):

p_w S+ hgle+h) = f)gx+ )+ fF)gx +h) — f)g(x)
S h

group:

s e+ g +h) - fFgx+ W+ [f()g(x + h) — fF)g(x)]
=l h

factor out g(x + h) and f(x) from the from the respective groups:

b e+ h) = f)lglx +h) + F)lg(x + h) —g ()]
=i :

break up the sum:

, o e+ = f)]glx+h)  f)[glx+h) — gx)]
y' = Jim n + n



rearrange a little:

[gCx +h) —g(x)]
h

) = f0)]
= h

gx +h) + f(x)

and now take the limit, by having h go to zero.
The two rational expressions are the derivatives of fand g respectively. We know:

[f(x +h) = f(x)]

e = i
and
') = lim [g(x +h) — g(x)]
g B h—0 h
SO,

y'=f'0gx) + flx)g' (x)

Quotient Rule

We want the derivative of the ratio of two functions, each of which we already know
how to differentiate. Again, we use the limit of the difference quotient, which is the
fundamental definition of the derivative:

, @
g(x)

fx+h)  f(x)
) = mg(x + h})l g(x)

fx+m)gx) — fF)gx + h)
y' = lim gx+ :)g(x)




add and subtract f(x) - g(x):

fG+h)gl) = f)g(x) — fF)glx +h) + fx)g(x)
P gx+h)gx)
Y= h

group terms and simplify by multiplying the numerator by 1/h:

f i & PG — F)9] — [f()g(x + b) — F()g ()]

y' = lim

h—0 glx+h)g(x)-h
factor out f(x) and g(x)
' — lim gf(x+h) — f)] - fFx)[g(x + h) — g(x)]
Y TR gGc+g() - h
break up the difference:
. lim(g(JC)[f(x +h) —fO] fO)lglx +h) - g(x)])
Y =R glx+h)g(x)-h glx+h)g(x)-h

re-arrange a little bit:

' = Tim( gx) J+h-f) f®) _g(x+h)—g(X))
glx +h)g(x) h gx +h)g(x) h

h—-0

y

and now take the limit, by having h go to zero.
The two rational expressions are the derivatives of f and g respectively. We know:

[f(x +h) = f(x)]

0 = fim

and

[g(x + h) — g(x)]
h

g'(x) = lim



e fm
Y = i@ Y T 50e@ 9 @

recognizing the common denominator, combine the fractions:

,_ 9~ f)g'x)
g 9960

which is Low D-high minus high D-low over low squared.



